We study the optimal transition from fossil fuels to renewable energy in a neoclassical growth economy with endogenous technological progress in energy production. Technological innovations maintain a fairly constant cost of fossil fuel energy even as increased exploitation raises mining costs. Nevertheless, the economy transitions to renewable energy once energy costs escalate after about 80% of the available fossil fuels are exploited. The shadow price of energy remains more than double current values for over 75 years around the switch time.
Introduction
Since the days of the industrial revolution, economic growth has been powered by fossil fuel.
In recent decades, a set of viable alternatives to fossil fuel has begun to appear. Largescale energy production through renewable sources is now technologically feasible, albeit
expensive. Yet, in time, renewable energy will become fully competitive and will finally replace fossil fuel as the economy's main energy source. This inevitability stems from two reasons. First, innovation, as well as experience through learning-by-doing, are two factors that lower the costs of new technologies over time. Second, fossil fuel exists in limited supply and is becoming more scarce as time passes. Of course, technological progress in fossil fuel extraction or use can slow the escalation in costs. The former makes previously uneconomical fields commercially viable, while the latter reduces the amount of fuel than needs to be extracted to provide a given level of energy services. Still, given the demands on energy imposed by economic and population growth, scarcity ultimately implies that fossil fuel energy cost will increase at an increasing rate and a time of maximum rate of extraction ("peak fossil fuel") will eventually occur.
1
Some of the concern attached to the notion that fossil fuels are in finite supply is that the need to transition to more expensive alternatives will likely impose substantial adjustment costs on the economy. It is often argued that these costs are sub-optimal and should, if possible, be reduced via the implementation of appropriate policies. 2 In a simple growth model that allows for technological progress in energy production, however, we show that a substantial "energy crisis" around the time the economy abandons fossil fuels might in fact be efficient.
Formally, we study the optimal transition path from fossil fuel to renewable energy sources in a neoclassical growth economy with endogenous technical progress in energy production.
We then study the consequences of such innovation for macroeconomic growth, including around the time of transition from fossil fuels to renewable energy sources.
1 DOE/NETL (2007) summarizes several forecasts for the likely year of conventional oil production peaking. 2 See, for example, Farrell and Brandt (2006) .
As in Hartley and Medlock (2005) , we assume that energy is needed in order to produce the economy's single consumption good. Energy can come from two sources: fossil fuel and a renewable source (the backstop technology). The renewable technology combines some output (effectively, capital) with an exogenous energy source (for example, sunlight, wind, waves or stored water) to produce useful energy services. Throughout the paper, we assume for simplicity that the energy services of fossil fuels and the renewable technology are perfect substitutes. Thus, the renewable technology will not be competitive with fossil fuels until the shadow price of energy in the fossil fuel regime equals the shadow price of renewable energy.
A central feature of our analysis involves the explicit modeling of technological progress in both the fossil and the renewable energy production technologies. In particular, while mining costs increase in the amount of mining that has already taken place, advancements in mining, or energy efficiency, technologies can reduce the unit cost of supplying fossil fuel energy services. Nevertheless, eventually it becomes uneconomic to invest further in reducing the costs of fossil fuel energy. Thus, fossil fuel resources will be abandoned long before all known deposits are exhausted as rising costs make renewable energy technologies more attractive.
We model technological progress in renewables by assuming that accumulated knowledge lowers unit production cost until a technological limit below which costs cannot fall is attained. We assume a two-factor learning model, whereby direct R&D expenditure can accelerate the accumulation of knowledge about the renewable technology through learningby-doing effects. Following the empirical literature on learning-by-doing, we assume that direct expenditure on R&D is roughly twice as productive as is learning-by-doing in lowering the amount of capital required to harvest the energy.
We calibrate the model using data from the Energy Information Administration (EIA), the Survey of Energy Resources, and the GTAP 7 Data Base produced by the Center for Global Trade Analysis in the Department of Agricultural Economics, Purdue University. The last data source provides a consistent set of international accounts that also take account of energy flows. We then compute the optimal path of investment in both the fossil fuel and the renewable energy sectors.
The calibrated model gives rise to a number of different regimes. Initially, growth occurs through the use of fossil fuel while investment in the fossil fuel technology keeps energy costs manageable. Since the investment needs to be made at an increasing rate to keep costs under control as resources are depleted, however, fossil energy investment eventually stops.
Shortly thereafter, fossil fuels are no longer used and renewable energy powers the economy.
In addition, investment in the renewable technology makes this technology more effective over time.
The transition from fossil fuels to renewable energy occurs when the mining cost of fossil energy is strictly less than the initial cost of renewable energy. The reason is that the learning by doing element of renewable energy production has a shadow price that lowers the "full cost" of renewable energy, making it worthwhile to transition before the explicit cost of fossil energy reaches the initial cost of renewable energy.
Immediately after the transition, there is a "burst" of investment in renewable R&D, giving a steep decline in renewable energy costs for 10-15 years. Renewable costs then decline more gradually for a long time, initially primarily via learning by doing and later through a much larger investment in R&D. The latter drops quite quickly to zero as the technological limit looms.
Finally, the economy enters the final regime when the technological frontier in renewable energy is reached and, thus, any investment in further improving this technology ceases. As a result, in the very long run the cost of renewable energy is constant. In this regime, the model becomes a simple endogenous growth model with investment only in physical capital.
In addition to being realistic, this facilitates numerical solution of the model by allowing the terminal regime to be solved analytically.
We find that per capita output grows at an average rate of 4.22% per annum (p.a.) in the fossil regime, 3.11% p.a. in the renewable regime with investment in R&D, and 4.07% p.a. in the long run with renewable energy at its minimum cost. Growth in per capita consumption averages 3.68% p.a. in the fossil energy regime and 3.33% p.a. in the renewable regime with R&D. In the long run regime, per capita capital, consumption, investment in capital, and energy use all grow at the same rate of 4.07% per annum. The gaps between output and consumption growth in the two earlier regimes result from investment in energy production and the changing cost of energy over time. In the fossil regime, consumption grows slower than capital (and output) because the rising cost of energy and rising investment in mining both take increasing resources away from consumption. In the renewable regime with R&D, the declining cost of energy allows consumption to grow faster than output.
Investment allows the cost of mining per unit of fossil energy services to drift lower for a time, even as increased exploitation otherwise raises costs. Nevertheless, a rather large investment in mining technology is necessary toward the end of the fossil regime. This significantly raises the shadow price of energy and leads to a reduced investment in physical and human capital as a share of output.
Consumption as a share of output also declines dramatically around the switch point. For the first fifty years of the fossil fuel regime, consumption remains at close to its current share of around 60% of output. The share then starts to decline more noticeably until it plunges to well below 40% of output at the switch date. The high initial and slowly declining cost of renewable energy then constrains the consumption share from rising back above 55% of output for another 150 or so years. In this sense, our model predicts a rather severe "energy crisis" around the switch point.
The observation that the "parity cost target" for renewables is a moving one, is often missed in the literature. This feature allows fossil fuels to remain competitive for a longer time. Ultimately, the model implies that about 80% of the available fossil fuels will be exploited, with the transition to renewable energy occurring at the end of this century. The shadow relative price of energy peaks at the end of the fossil fuel regime and it remains more than double current levels for over 75 years around the switch time.
Our approach is related to a number of papers in the literature. Parente (1994) In a recent paper, Acemoglu et al. (2009) study a growth model that takes into consideration the environmental impact of operating "dirty" technologies. They examine the effects of policies that tax innovation and production in the dirty sectors. Their paper focuses on long run growth and sustainability and abstracts from the endogenous evolution of R&D expenditures. They find that subsidizing research in the "clean" sectors can speed up environmentally friendly innovation without resorting to carbon taxes and the corresponding slowdown in economic growth. Consequently, optimal behavior in their model implies an immediate increase in clean energy R&D, followed by a complete switch toward the exclusive use of clean inputs in production. While our work is related to theirs, notably in connecting R&D, energy, and growth, our focus, namely the optimal transition path between energy sources under laissez-faire, is very different. Indeed, our solution can be thought of as the economy's equilibrium path under a benchmark "business as usual" scenario where externalities associated with energy use are ignored. In addition, we model technological progress in both the renewable and the fossil fuel sector, since we think that advancements in the fossil fuel extraction and efficiency of use are of first-order importance in addressing the transition question.
The paper proceeds as follows. Section 2 develops our model, including the technology specification. Section 3 discusses calibration of the model, while section 4 presents the numerical results. A brief conclusion follows.
2 The Model
Production Technology
We model economic activity in continuous time, indexed by t. The state variables, the controls, and the technology variables thus are functions of t. We shall usually simplify notation, however, by omitting time as an explicit argument.
There is a single consumption good in the economy. We assume that per capita output can be written as a linear function of a per capita stock of capital, k:
Capital depreciates at the rate δ, while investment in new capital is denoted by i:
Energy is also needed to produce output. At each instant, the ratio of energy to capital inputs is fixed. Denote the per capita energy derived from fossil fuel resources that is used to produce goods by R ≥ 0. Per capita renewable energy supplied by the backstop technology B ≥ 0 is a perfect substitute for the energy produced from fossil fuel burning. Thus, we 3 We assume that technological progress allows the "productive services" supplied by inputs to expand even if the physical inputs stop growing. In particular, we implicitly assume that labor input can be expanded through investment in human capital even if hours and number of employees remain fixed. Hence, the marginal product of capital does not decline as k accumulates.
assume that at each moment of time:
Letting c denote per capita consumption, we assume that the lifetime utility function is given by:
The term e −βτ acts as a discount factor, capturing the fact that utility from future consumption is less valuable than today's consumption.
Fossil Fuel Supply
Let Q denote the (exogenous) population and labor supply and assume that it grows at the constant rate π. The total fossil fuel used will then be QR. Following Heal (1976) and Solow and Wan (1976), we assume that the most easily-mined, or the richest deposits or fields, tend to be exhausted first. The marginal resource costs of extraction then increase with the total quantity of resources mined to date, S, which is also the integral of QR:
Heal introduced the idea of an increasing marginal cost of extraction to show that the optimal price of an exhaustible resource begins above marginal cost, and falls toward it over time. 4 We modify the resource depletion model to also allow for technical change in mining production and fossil energy use. The marginal cost of extracting the resources needed to supply a unit of fossil energy services, g(S, N ), depends not only on S but also the state of technical knowledge N . Implicitly, we have defined the energy supplies in efficiency units.
That is why improvements in energy efficiency then also will lead to reduction in the perunit cost g(S, N ) of supplying an additional unit of R. Investment in mining technology, or the efficiency with which fossil fuel is used to provide useful energy services, leads to an
which is not assumed to depreciate over time. We then assume that g(S, N ) is given by the following function:
illustrated in Figure 1 . For a given state of technical knowledge N , the maximum fossil fuel resource that can be extracted is given byS − α 2 /(α 3 + N ). The terms α 0 , α 1 , α 2 and α 3 in (7) For energy to be productive on net, we need the value of output produced from energy input to exceed the costs of producing that energy input. In particular, if only fossil fuel is used to provide energy input, we must have 1 > g(S, N ). The function (7) assumed above implies that exhaustion of fossil fuel resources must eventually increase costs g(S, N ) so that this constraint is violated.
Backstop Renewable Energy Technologies
We assume that the marginal cost p (measured in terms of goods) of the energy services produced using the backstop technology declines as new knowledge is gained. Even so, there is a limit, Γ 2 , determined by physical constraints, below which p cannot fall. Explicitly, using
H to denote the stock of knowledge about backstop energy production, and Γ 1 the initial value of p (when H = 0), we assume:
for constant parameters Γ 1 , Γ 2 and α. We assume that Γ 1 −α > g(0, 0), so that renewable energy is initially noncompetitive with fossil fuels. For the renewable backstop technology to be productive on net, we require p < 1. In effect, the renewable technology combines some output (effectively, capital) with an exogenous energy source (for example, sunlight, wind, waves or stored water) to produce more useful output than has been used as an input.
We allow for technological progress to reduce the cost of renewable energy. Following the literature examining learning-by-doing, we assume a two-factor learning model, whereby direct R&D expenditure j can accelerate the accumulation of knowledge about the renewable technology arising from its use:
In particular, once H reaches its upper limit, further investment in the technology would be worthless and we should have j = 0. The parameter ψ determines how investment in research enhances the accumulation of knowledge from experience. Following empirical research by Klaassen et. al. (2005), we shall assume that ψ = 0.33, so direct expenditure on R&D is roughly twice as productive for reducing costs as is learning-by-doing.
The Optimization Problem
Goods are consumed, invested in k, N or H, or used for producing fossil fuel or backstop energy input. This leads to a resource constraint (in per capita terms):
The objective function is maximized subject to the differential constraints (5), (6) , (2) and (9) with initial conditions S(0) = N (0) = 0, k(0) = k 0 > 0 and H(0) = 0, the budget constraint (10), the definitions of output (1), energy input (3) and the evolution of the cost of the backstop energy supply (8) . The control variables are c, i, j, R, n and B, while the state variables are k, H, S and N . Denote the corresponding co-state variables by q, η, σ and ν. Let λ be the Lagrange multiplier on the budget constraint. We also need to allow for the possibility that either type of energy source is not used and investment in cost reduction for the energy technology is zero. To that end, let µ the multiplier on the constraint j ≥ 0, ω the multiplier on the constraint n ≥ 0, ξ the multiplier on the constraint R ≥ 0 and ζ the multiplier on the constraint B ≥ 0. Finally, let χ be the multiplier on the constraint
on the accumulation of knowledge about the renewable technology.
Define the current value Hamiltonian and thus Lagrangian by
The first order conditions for a maximum with respect to the control variables are:
The differential equations for the co-state variables are:
We also recover the budget constraint (10) and the differential equations for the state variables, (2), (9), (5) and (6) .
Observe from (14) that so long as η > 0 and B > 0 we must also have
and hence j > 0. Also, when j > 0, it must satisfy
andḢ will be given byḢ
In particular, note that the two-factor learning formulation will be consistent with evidence that cost and accumulated output follow a power law relationship as long as η/λ evolves slowly over time. In that case, H will be approximately equal to a constant times accumulated past production of renewable energy B.
Since the energy services of fossil fuels and the backstop renewable technology are perfect substitutes, the renewable technology will not be competitive with fossil fuels until the shadow price of energy ( ) in the fossil fuel regime equals the shadow price in the renewable backstop regime. Although investments moderate the increase in fossil fuel costs, eventually depletion ensures that the shadow price of energy derived from fossil fuels rises to equal the initially higher cost of energy from renewable sources. At that point, the economy switches to use only renewable energy and all investment in, and use of, fossil fuel technologies ceases.
The Long Run Endogenous Growth Economy
It is useful first to discuss the very long run, when the cost of the renewable energy source is constant at p = Γ 2 and the stock of knowledge about renewable energy production H is no longer relevant. In this regime, the model becomes a simple endogenous growth model with investment only in physical capital. We retain the first order conditions (12), (13) and (17), the first co-state equation (18), the budget constraint (10) and the differential equation (2) for the only remaining state variable k. However, (17) changes to simply = λΓ 2 . From (13) we will obtain q = λ and henceq =λ, and the co-state equation (18) becomeṡ
whereĀ is a constant. If we are to have perpetual growth, we must have c → ∞ as t → ∞, which from (12) will require λ → 0 and henceĀ < 0, that is
Condition (26) has an intuitive interpretation. With B = y and p = Γ 2 , A(1 − Γ 2 ) equals output per unit of capital net of the costs of supplying the backstop energy input. To obtain perpetual growth, this must exceed the cost of holding capital measured by the sum of the depreciation rate (the explicit cost) and the time discount rate (the implicit opportunity cost). Hereafter, we assume (26) to be valid. The solution to (25) can be written
for some constantK yet to be determined. Thus, in this final regime, the budget constraint, the first order condition (12) for c and (27) implẏ
The integrating factor for the differential equation (28) is e (Ā−β)t , so the solution can be
for another constant C 0 . However, the transversality condition at infinity requires
Equation (30) in turn requires
Note that sinceĀ < 0 the inequality in (31) will be satisfied if γ > 1, while if 0 < γ < 1, it will require
Thus, for γ < 1, the validity of (26) and (32) together require
In summary, we conclude that the value of k in the final endogenous growth economy will be given by
with λ given by (27) andK is a constant yet to be determined.
The Initial Fossil Fuel Economy
It is useful to consider next the initial regime where R > 0. Then (16) implies ξ = 0 and the shadow price of energy will be
Since an increase in S raises the costs of fossil fuel, the co-state variable σ will be negative 8 while fossil fuels are used as an energy source. It then follows from (35) that the shadow price of energy is unambiguously positive.
We also assume parameter values are chosen so that investment in fossil fuel technology is productive, that is, n > 0 at t = 0. Then (15) implies ω = 0 and hence ν = λ. But theṅ ν =λ and (21) impliesλ
If we also have i > 0, (13) will imply λ = q and from (18) and (35), we will also havė
Note that since σ < 0 and λ = c −γ > 0, a necessary condition for (37) to hold is that
Since we have assumed, however, that g(S, N ) eventually increases above 1 as S grows, and ∂g/∂N < 0, constraint (38) must eventually be violated and the economy will not use fossil fuels forever.
Substituting R = Ak into (37), we obtain an equation relating N and k. When there is active investment in two types of capital (here k and N ), the investment has to maintain a relationship between the two stocks. Differentiating the resulting expression with respect to time, substituting forṄ ,λ/λ =ν/ν,Ṡ,σ andQ = πQ (since the exogenous growth rate of Q is π), and using (37), we obtain a condition relating the two types of investments (i and n) in the initial fossil fuel economy:
We obtain a second relationship from the budget constraint. Specifically, using the result that j = 0 if B = 0, the first order condition (12) for c, the production function (1), the energy input demand requirement (3) the budget constraint (10) implies:
Substituting (40) into (39), we then obtain an equation to be solved for energy technology investment n in the fossil fuel regime:
Since ∂g/∂N < 0 and ∂ 2 g/∂N 2 > 0, the coefficient of n on the left hand side of (41) is positive. From the budget constraint (40), δk
we can conclude that n > 0 as hypothesized. 9 Using the solution for n and the current values of the state and co-state variables, (40) can be solved for i.
In summary, we conclude that the initial period of fossil fuel use with both i > 0 and n > 0 produces five differential equations for k, S, N , σ, and λ:
9 Since ∂ 2 g/∂S∂N < 0 and σ < 0, the quadratic in k in (42) has a positive second derivative and positive intercept, so even if δ + σQA/λ > 0, so the roots are both positive, we conclude that (42) must hold for large k. For small values of k, we are likely to havek = i − δk > 0, in which case the right hand side of (41) is guaranteed to be positive.
together with the exogenous population growth Q = Q 0 e πt .
The Transition to Renewable Energy
For the parameter values we consider, investment in fossil fuel will not be worthwhile immediately prior to the transition to renewable energy. The economy therefore will pass through the regimes illustrated in the time line in Figure 2 . 
The remaining equations will remain as in the initial fossil fuel regime.
Since σ = ∂V /∂S, where V denotes the maximized value of the objective subject to the constraints, it follows that σ = 0 at the transition time T 1 beyond which fossil fuels are no longer used. Further changes in S at that time can have no effect on V . Hence, (16) implies that the shadow price of energy converges to = λg(S, N ) as t → T 1 . On the other hand, since the total energy input requirement R + B = Ak is strictly positive at T 1 , B must immediately jump from 0 to Ak as R declines from Ak to 0 at T 1 .
10 Using (17), and noting that H = 0 at T 1 , continuity of the shadow price of energy at T 1 would then require λg(S, N ) = λΓ
Now observe from (19) that if η ≤ 0 at t ≥ T 1 ,η < 0 and η will remain negative for all t ≥ T 1 . However, since η = ∂V /∂H, and changes in H have no further effect on maximized utility beyond T 2 , we must have η = 0 at T 2 . Thus, we must have η = ∂V /∂H > 0 at T 1 with η ↓ 0 as t → T 2 . In addition, it must also be the case that j > 0 at T 1 . Thus, (49) will imply that the transition from fossil fuels to renewable energy will occur when the mining cost of fossil energy, g(S, N ), is strictly less than the initial cost of renewable energy Γ −α 1 . Evidently, the benefits of learning by doing make it worthwhile to transition to renewable energy before the cost of fossil fuels reaches parity with the cost of renewable energy. − Γ 1 and (19) imply χ = 0. Also, the solution for j in this regime is given by (23). Thus, the shadow price of energy becomes
Renewables with Technological Progress
Substituting (50) into (18) and noting that q = λ impliesq =λ, we obtaiṅ
From (19) with B = Ak, we obtaiṅ
The budget constraint, the first order condition (12) for c and the solution (23) for j with B = Ak determines i and hence the differential equation fork:
Finally, (24), together with B = Ak gives the differential equation forḢ
Boundary conditions
In the numerical analysis, we can solve the model moving either backwards or forwards through time. Since time moves in the forwards direction, we first discuss solving the model that way. First, note that at T 1 , H = j = 0 = σ. Using (50) and (35), the fact that and the requirement that the shadow price of energy has to be continuous across the region boundaries then implies
For a given value of η(T 1 ), (55) would then determine a value of T 1 and the differential equations (43)-(47) would then yield corresponding values of k(T 1 ), S(T 1 ), N (T 1 ), σ(T 1 ) and λ(T 1 ). In particular, the calculated value of σ(T 1 ) would then need to be compared to its target value of 0.
The calculated values for k(T 1 ) and λ(T 1 ) together with H = 0 and the guessed value of η(T 1 ) will then provide starting values for the differential equations (51)-(54) in the regime with renewables and technological progress. The upper boundary of this region, T 2 , will occur where p = (Γ 1 + H) −α = Γ 2 , which will determine the value of H at T 2 , namely
− Γ 1 . We will also know the values of k and λ at T 2 (up to the unknown constant K) since they must be continuous across the boundary and therefore must equal (34) and (27) respectively. One of these equations, say (27), can be used to solve forK and then (34) will provide a second target value. Finally, as noted above, we must also have η(T 2 ) = 0. In the forwards solution, we thus have three targets that could be used to determine appropriate initial values for the three variables λ(0), σ(0) and η(T 0 ).
In practice, we found the model easier to solve backwards. In the backwards solution,
we know the values of the co-state variables at the various transition points while the initial values k(0), S(0) and N (0) of the state variables become targets. We also have three guesses to make to determine these three variables. Specifically, if we guess values for the transition time T 2 and the value of the capital stock at that time k(T 2 ), the values of the constantK and hence λ(T 2 ) are also determined. As already noted, we also will know H = Γ together with (55) and the exogenously specified Γ −α 1 , will determine the value of the mining cost g(S(T 1 ), N (T 1 )) at T 1 . Thus, N (T 1 ) will be determined once we guess the value of S(T 1 ).
Finally, the requirement that of σ(T 1 ) = 0 will provide the remaining initial condition for the five differential equations (43)-(47).
Calibration
In order to judge the adequacy of the model, we calibrate some parameters and determine whether the remaining calculated values match reality. By definition, we start the economy with S = N = H = 0 and with Q = Q 0 . For convenience, we take the current population Q 0 = 1 and effectively measure future population as multiples of the current level. We will assume that the population growth rate is 1%.
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In line with standard assumptions made to calibrate growth models, we assume a continuous time discount rate β = 0.05. From previous analyses, we would expect the coefficient of relative risk aversion γ to lie between 1 and 10, but there is no strong consensus on what the value should be. For most of our calculations, we assumed that γ = 4, although we examined some results for a few larger and smaller values of γ. As one would suspect from the result that the long run growth rate of the economy is, from (34), given by −Ā/γ, changes in γ primarily alter economic growth rates.
To calibrate values for the initial production, capital and energy quantities we used data from the Energy Information Administration (EIA), 12 the Survey of Energy Resources 2007
produced by the World Energy Council, 13 and The GTAP 7 Data Base produced by the
Center for Global Trade Analysis in the Department of Agricultural Economics, Purdue
University.
14 The last mentioned data source is useful for our purposes because it provides a consistent set of international accounts that also take account of energy flows.
One of the first issues we need to address is that national accounts include government spending in GDP, which does not appear in the model. 15 We therefore subtracted government spending from the GDP measures before calibrating the remaining variables. Conceptually, this would be correct if the utility obtained from government spending were additively separable from the utility obtained from private consumption and government spending was financed by lump sum taxes. In practice, neither of these assumptions is valid and government activity (including any taxes or subsidies aimed at internalizing any environmental externalities associated with energy production and use) would affect the equilibrium of the model.
After excluding government, the investment share of private sector expenditure is 0.2273.
Effectively defining units so that aggregate output is 1, we therefore identify 0.2273 as the sum i + n at t = 0. We would expect most of this to be investment in capital used to produce output rather than fossil fuel mining or efficiency.
Converting the GTAP data base estimates of the total capital stock to units of GDP, we obtain the initial condition k(0) = 3.6071. We also use the GTAP depreciation rate on capital of 4%. Also, if we choose units so that output equals 1, the parameter A would equal the ratio of output to capital, that is, A ≈ 0.3053.
From the budget constraint, the difference between total output and the sum of the investments, namely 0.7727 would equal consumption plus the current costs gR of supplying fossil fuel energy. We separated these two components using sectoral data from the GTAP data base. Specifically, we classified "energy expenditure" as combined spending on the primary fuels coal, oil and natural gas and the energy commodity transformation sectors of refining, chemicals, electricity generation and natural gas distribution. This produced a value for gR = 0.1107. Subtracting the initial value for gR from 0.7727 we obtain the initial value of c(0) = 0.6620. The model solution will for c(0) would then follow from the first order condition λ(0) = c(0) −γ . To obtain a particular value for c(0) we then need to free up an additional parameter. We will return to this issue below.
After we set the initial values of S and N to zero, the initial value for gR also would imply 0.1107
We can obtain a value for total fossil fuel production, R, from the EIA web site. It gives world wide production of oil in 2004 of 175.948 quads (where one quad equals 10 15 BTU), of natural gas 100.141 quads and of coal 116.6 quads. Summing these gives a total of 392.689
quads. We then choose energy units so that the initial value of R = 1.
To obtain an estimate of total fossil fuel resourcesS in the same units, we begin with the proved and estimated additional resources in place from the World Energy Council. The We still need to specify values for the α i parameters in the g function. Equation (56) with R ≡ 1 andS = 2126.0527 will give us one equation in four unknowns. Noting that we can interpretS − α 2 /α 3 as the initial level of fossil fuel extraction S at which marginal costs of extraction g(S, 0) would become unbounded, we associateS − α 2 /α 3 with current proved and connected reserves of fossil fuel. 18 A recent report from Cambridge Energy
Research Associates (Jackson, 2009), for example, gives weighted average decline rates for oil production from existing fields of around 4.5% per year. They also note that this figure is dominated by a small number of "giant" fields and that, "the average decline rate for fields that were actually in the decline phase was 7.5%, but this number falls to 6.1% when the numbers are production weighted." Hence, we shall use 6% as a decline rate for oil fields.
If we use United States production and reserve figures as a guide, we find that natural gas decline rates are closer to 8% per year but coal mine decline rates are closer to 6% per year. In accordance with these figures, we assume the ratio of fossil fuel production to proved and connected reserves equals the share weighted average of these figures, namely (175.948 * 0.06 + 100.141 * 0.08 + 116.6 * 0.06)/392.689 = 0.0651. Thus, in terms of the energy units defined so that R = 1, the initial value ofS − α 2 /α 3 would equal 1/0.0651=15.361.
Using the previously calculated value forS, this leads to α 2 /α 3 = 2110.538.
We can obtain two more equations by specifying the partial derivatives of g at t = 0.
Using GTAP data on capital shares by sector, we estimate that around 3.66% of annual investment occurs in the oil, natural gas, coal, electricity, and gas distribution sectors.
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We noted above that in the GTAP data, total investment i + n = 0.2273, implying that n(0) ≈ 0.0083 in private sector output units. We use this as an additional target value. solar panels. We conclude that for renewable energy technologies α could range from a low 19 Since we have defined R to be energy services input, investments in energy efficiency in addition to mining increase the effective supply of fossil fuels. Hence, we include investments in the energy transformation sectors. While some of these would not increase energy efficiency, some investments in the transportation and manufacturing sectors that have not been included would be aimed at raising energy efficiency.
20 Available at http://cost.jsc.nasa.gov/learn.html of 0.15 to a high of 0.32, so we chose a middle value of α = 0.25.
The other parameter affecting the incentive to invest in renewable energy sources is the initial value Γ −α 1 of the cost of using renewable energy as the primary energy source. Using a document available from the Energy Information Administration (EIA) 21 the cost of new onshore wind capacity is about double the cost of combined cycle gas turbines (CCGT), while offshore wind is around four times as expensive, solar thermal more than five times as expensive and solar photovoltaic more than six times as expensive. However, these costs do not take account of the lower average capacity factor of intermittent sources such as wind or solar. The same document gives a fixed O&M cost of onshore wind that is around two and a half times the corresponding fixed O&M for CCGT, although the latter also has fuel costs. The corresponding ratio is around 7 for offshore wind, while fixed O&M for solar photovoltaic are similar to the fixed O&M for CCGT. As a rough approximation, we will assume Γ −α 1 is around 4 times the initial value of g. In accordance with the EIA assumptions, we also assume that, in the long run, the renewable technologies can experience a five-fold reduction in costs, so Γ 2 = Γ −α 1 /5. This would result in an energy cost that is below the current cost of fossil fuel technologies.
Finally, we need to specify a value for ψ, the relative effectiveness of direct investment in research versus learning by doing in accumulating knowledge about new energy technologies. Klaassen et. al. (2005) estimated a model that allowed for both learning-by-doing and direct R&D. Although they assume the capital cost is multiplicative in total R&D and cumulative capacity, while we assume the change in knowledgeḢ is multiplicative in new R&D and current output, we can take their parameter estimates as a guide. They find direct R&D is roughly twice as productive for reducing costs as is learning-by-doing.
22 Consequently, we assume that ψ = 0.33. The strong rises in n in turn constrain i and for more than 2.428 years before n falls to zero i declines, slowing the accumulation of k.
Quantitative Results
The explicit cost of mining stays fairly constant during the fossil fuel regime. This is due to investment in fossil fuel extraction and energy efficiency which allows the g function to decline even as increased exploitation, S, otherwise raises mining costs.
This process is reflected in more detail in Figure 4 . Each of the curves in the figure plots costs g(S, N ) as a function of S for a particular year. The circled points on each curve
give the actual costs in that year as determined by the relevant value of S for that year.
Apart from the terminal period where n = 0, the values of S in each year are very near the "capacity limit" of current proved and connected reserves of fossil fuel. Since there is no 23 The long time horizon yielded calculations close to the limit of numerical accuracy. For example, we needed to set the tolerance levels for the differential equation solvers to 5.0 * 10 −14 . The non-linearity prevented us from using an optimization procedure to calculate starting values needed to attain specified initial conditions. We instead conducted a grid search over values for α 3 and g S (0). Another implication of the results graphed in Figure 4 is that the "cost parity target" for renewables is a moving one. Technological change in the production and use of fossil fuel energy sources allows them to remain competitive for longer. Ultimately, the model implies about 80% of the available fossil fuel resources are exploited, with the transition occurring at the end of this century.
Although the explicit cost of mining slightly declines during most of the fossil fuel regime, it is worth pointing out that the shadow relative price of energy ( /λ) rises continuously throughout this regime. The gap is the result of the rising user cost, or scarcity rent, for fossil fuels in terms of goods. Specifically, σ/λ becomes more negative over time up until the point where investment n ceases, at which point it quickly jumps to zero. Towards the end of the fossil fuel regime, the costs associated with increased fossil fuel use are large in real terms. This raises the shadow relative price of energy (as seen in Figure 3 and more detail in Figure 6 ) and results in a reduced consumption share of output. The increase in mining investment toward the end of the fossil regime also takes resources away from c and i. Specifically, Figure 5 , graphing the consumption share of output for both the fossil and renewable regimes, 24 shows that the share drops substantially around the time of transition to renewables. As a result, per capita consumption in the fossil energy regime grows by an average 3.68% p.a., which is less than the average growth in output. By contrast, in the renewable regime with R&D, although investment in R&D also takes resources away from consumption and investment in k, the declining cost of energy allows consumption to grow faster than output. Specifically, the average annual growth in consumption is 3.33% p.a.
compared to average annual growth in output of 3.11% p.a. 25 Nevertheless, the consumption share takes a long time to recover once the renewable regime begins. The explanation is that the cost of energy remains above the initial cost of fossil fuels for a substantial period of time. This is apparent in Figure 6 , which shows that the shadow relative price of energy remains more than double the current level for over 75 years around the switch time (10 years before, 65 years after the switch time). In summary, our model predicts a rather severe "energy crisis" around the switch point.
While the shadow price of energy is continuous, the explicit cost of mining is below the cost of renewable energy when the transition occurs. As we explained qualitatively above, the reason is that the learning by doing element of renewable energy production has a shadow price that lowers the"full cost" of renewable energy, making it worthwhile to transition before the explicit cost of fossil energy reaches the initial cost of renewable energy. Figure 7 shows the behavior of the main variables in the first renewable energy regime where technological progress continues to reduce renewable energy costs. Here, production 24 The alert reader may observe that the initial consumption share in Figure 5 is not equal to the calibrated value. The reason is that the calculated initial value of k is about 10% too high and the calculated value of c about 10% too low. 25 In the long run regime, per capita consumption, investment in capital, and energy use all grow at the same average annual rate of 4.07%.
is fueled through the use of renewable energy. After a brief initial "burst" of investment in renewable R&D right after the transition to steeply cut the cost of renewable energy, direct investment in renewable energy R&D then drops close to zero. It subsequently gradually increases over time before plunging toward zero again as the technological frontier for renewable energy efficiency looms. Evidently, for much of the "middle period" of this regime, learning-by-doing is a major source for the accumulation of technical knowledge. The sharp fluctuations in investment in n and j come at the expense of similar sharp fluctuations in investment i in k. This is illustrated in Figure 8 and Figure 9 , which show different investment shares in output. In particular, Figure 9 shows that the sums of investment in k and energy technologies are much smoother than any of the investments taken alone. 
Conclusion
We studied the optimal transition path from fossil fuel to renewable energy sources in a neoclassical growth economy. We computed the optimal path of investment in new technology in both the fossil fuel and the renewable energy sectors and calibrated the model using data on world energy consumption and cost data from the US. Innovations in technology allow for the cost of mining to stay fairly constant even as increased exploitation raises mining costs. Thus, renewable technologies face a moving "parity target." Ultimately, the transition to renewable energy occurs at the end of this century and about 80% of the available fossil fuels are exploited by that time. The shadow price of energy peaks at the end of the fossil fuel regime and it remains more than double current levels for over 75 years around the switch time. While mining costs are kept low for a long time, a large investment in mining technology is necessary toward the end of the fossil regime. This reduces both consumption and investment in capital as a share of output. Thus, our model predicts a rather severe "energy crisis" around the switch point. This crisis is part of the efficient arrangement in our economy. Interestingly, learning-by-doing implies that the economy will shift from fossil to renewable energy sources prior to renewables reaching the parity cost of fossil fuels.
Our analysis can be extended in many ways. Introducing energy-source specific capital could allow us to more accurately capture the trade-off between fossil versus renewable energy production and may allow simultaneous use of different energy sources. Studying decentralized allocations will permit us to explicitly account for externalities associated with the investment process, such as creative destruction and the possibility of under-investment in R&D, or environmental costs from fossil fuel combustion. Such deviations from efficiency would also allow a possible role for policy. We believe, however, that the key "energy crisis" aspects of our model would not be affected by such extensions, which we leave to future research. 
In particular, this function implies that cumulative exploitation S increases fossil fuel energy cost at an increasing rate, while investment in fossil fuel technology decreases costs at a decreasing rate. In fact, we can conclude from (58) that ∂g/∂N → 0 as N → ∞. The latter fact should imply that eventually it becomes uneconomic to invest further in reducing the costs of fossil fuel energy. Thus, fossil fuel resources will likely be abandoned long before all known deposits are exhausted as rising costs make renewable energy technologies more attractive.
Finally, the cross second partial derivative will be given by
Hence, investment in fossil fuel technology delays the increase in costs of fossil fuel energy accompanying increased exploitation.
